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I. INTRODUCTION 
In his work on statistical fluid mechanics Professor J. KampC de Feriet [I] 
employed the integral 
u(x, y, t) = jr e-xr* cos tt cos yy2 da(r), (1.1) 
and several similar ones having a sine factor replacing one or the other of 
the above cosine factors. In recent work [2, 31 we discussed a special case of 
the integral (l.l), 
u(x, y, t) = jr ecsr2 cos tr cos yG q(r) dr, (1.2) 
and characterized the class of functions u having the representation (1.2) 
with v(r) positive definite. We here solve the corresponding problem for (1.1) 
with a(~) nondecreasing. This was the original problem, as posed by KampC 
de FCriet in [l]. 
It is clear from the integrand (1.1) that u(x, y, t) is formally harmonic in 
x, y and satisfies the heat equation u, = utt in x, t. If one replaces the latter 
equation by ut = u,, (or by ut = - urz), reversing the roles of the two 
variables, it is natural to ask what is the corresponding representation. We 
are thus led to consider integrals of the form 
U(X,Y, t) = jr e-zr cos yr e- tre da(r). (1.3) 
We obtain necessary and sufficient conditions either for (1.1) or for (1.3). 
The basic tool in each case is the following result, which seems not to 
have been explicitly stated before. 
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A solution u(x, t) of the equation uzz = ut is equal to the integral, 
u(x, t) = IL eirr-t72 da(~), t >o, 
--m 
(1.4) 
where a(~) is nondecreasing, ifand only iffor each t > 0 it is entire in the complex 
x-plane and non-negative on the imaginary axis of that plane. 
There is a corresponding result, given in [3], where the word “imaginary” 
is replaced by “real” in the above statement. The integral (1.4) then becomes, 
at least when u(x, t) is integrable on - cc < x < co, 
s 
co u(x, t)= ei27-tr* q,(r) dr, t >o, 
--ID 
(1.5) 
where F(Y) is positive definite. It was by virtue of this latter result that we 
were led to consider integrals (1.2) in [3] rather than the Stieltjes integrals (1.1) 
II. NOTATIONSAND CONVENTIONS 
Real variables, not explicitly restricted, are assumed to take on all values. 
Thus, the inequalities 
u(x, y, t) > 0, t > 0, 
will be understood to mean that u is positive for 
--co<x<m, --co<y<oo, o<t<co. 
When we say that u(x, t) is a temperature function or is a solution of the heat 
equation II,, = ut in a region R, we shall mean automatically that it has 
continuous second order partial derivatives there. Thus, the function 
u = (x/t) k(x, t) = (x/t) (47rt)-+ e--2*j4t, t>o 
zzz 0, t,<O (2.1) 
would be excluded as a solution in R if R included the origin x = t = 0. 
For, although u,, = ut over the whole x, t-plane, u has a singularity at (0,O). 
The same convention shall apply to the backward heat equation, u, + ut = 0. 
In all Stieltjes integrals, like (1.1) or (1.3), we shall assume that the inte- 
grator function is normalized by the equations 
a(0) = 0, 2a(t) = a(t +) + a(t -1, --co<t<co. 
In the interest of brevity we name a few classes of functions. Thus, B shall 
stand for bounded; t , for not&creasing; CM, for completely monotonic (see 
p. 145 of [4]). Finally we introduce a class P by the following definition. 
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DEFINITION 2. A function f(x) of the real variable x belongs to class P, 
f E P, if and only if it is the restriction to the x-axis of an entire function of 
z = x + iy which is > 0 on the y-axis. 
The functions eiaz, eax2, cos ax belong to P for any real parameter a, but 
sin ax does not. 
III. Two BASIC THEOREMS ON HEAT CONDUCTION 
Both results of this section are closely related to Theorem 1 of [5]. Since 
the proof has not yet appeared in print, at the time of the present writing, 
we sketch it here. 
THEOREM 3.1. A function u(x, t) has the representation 
u(x, t) = jm e-sT-tr2 da(r), O<t<oo, 
--m 
where a(~) E t, ;f and only if 
1. l&+ut=o O<t<co 
2. u(x, t) > 0 O<t<aL 
The necessity of these conditions is self-evident. Conversely, if we apply 
the Appell transformation [6] to u(x, - t), which is a temperature function 
for t < 0, we see that 
qx, 4 4x/4 l/t) 
is a nonnegative temperature function for t > 0. Here K(x, t) is the funda- 
mental solution of u,, = ut . By a familiar result of the author [7] it must 
then be equal to a Poisson-Gauss-Weierstrass integral, 
h(x, t) u(x/t, l/t) = jm k(x - I, t) d/3(r), t > 0, 
-co 
with /3(r) E t. Using the explicit definition of K we obtain 
u (p , f) = jIa e(2*+ra)/4t dp(r) 
U(X, t) = jIm e-r7-tr2 da(r), t >o, 
where a(~) = - /I (- 2r). Clearly 01(y) E r, and the proof is complete. 
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The equation (formula (39), p. 166 of [S]) 
provides an example. The function on the left satisfies the condition 1, 2, 
and 01(r) = r/d; is nondecreasing. 
COROLLARY 3.1. A function u(x, t) has the representation 
4% t> =s, e-rr- @ da(r), t > 0, (3.2) 
where a(r) E t, ;f and only if 
Conditions I and 2 of Theorem 3.1 hold and 
3. 11(x, to) E CM for x>c (some c, some t, > 0). 
We have only to show that condition 3 quarantees that the function a(r) 
of the integral (3.1) is zero for negative T. By Bernstein’s theorem (p. 161 of 
[4]) we have 
24(x, to) = /,” eczr c+(r), x > c, 
where Y(Y) E f. But by (3.1) 
24(x, to) = jIm e-zr-tor2 da(r), -co<x<a3. 
Since these two equal bilateral Laplace transforms both converge for x > c 
their normalized determining functions must be identical (p. 243 of [4]). But 
then 01(r) = 0 for r < 0, at least if y(O +) = y(O) = 0. For, 
a(r) =I r etos2 t+(s), -oo<xx<. 0 
If ~(0 +) = c > 0, we may apply the above argument to U(X, to) - c. This 
completes the proof of the corollary. 
An illustration for the corollary is provided by formula (21) on p. 146 
of [8]: 
4mt-l12 ex2/4t Erfc (x/1/q) = f 1: e-eT-tr2 dr, t > 0. 
A simpler example is 
u(x, t) = e-ax-a2t, a 2 0, 
and here the conditions of the corollary are trivially verified. 
IO 
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The second of the results referred to above is Theorem 3.2. 
THEOREM 3.2. A function u(x, t) has the representation 
14(x, t) = SIm eirr-tre da(r), O<t<co, 
where or(r) E f, if and only if 
1. 11,,=zQ o<t<m 
2. 11(x, to) E P for each t, > 0. 
(3.3) 
This result becomes apparent if one observes that under the present 
conditions u(ix, t) is a nonnegative solution of uz2 + ut = 0 for t > 0. A 
simple example is u = e& cos x, for which Conditions 1 and 2 are obvious. 
It clearly is equal to the integral (3.3) f ( ) i 01 r is constant except for equal 
positive jumps at Y = f 1. The fundamental solution itself, K(x, t), is another 
case in point. For, 
h(x, t) = & SIm eirr-tre dr, t > 0. 
COROLLARY 3.2. A function u(x, t) has the representation 
u(x, t) = S, e-@ cos xr da(r), t >o, (3.4) 
where a(r) E f , if and only if 
u(x, t) is real (or even in x) for t > 0 and satisfies the conditions of the theo- 
rem. 
For, if (3.3) h o Id s and u(x, t) is real (or even in x) then 
u(x, t) = jlr e-tre cos XY dot(r) 
2 
I 
03 
= ectTe cos XT d[or(r) - LX(- r)]. 
0 
The function in brackets is clearly nondecreasing when al(r) is nondecreasing. 
IV. THE ORIGINALPROBLEM 
It is now quite easy to obtain workable necessary and sufficient conditions 
for the equality (1.1). 
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THEOREM 4. A function u(x, y, t) has the representation 
U(X,Y, t> = s, ecxr2 cos yy2 cos tr da(r), x > 0, 
where a(r) E t, if and only if 
1. u(x, y, t) = Re U(X + zj~, 0, t), x > 0, 
2. u(x, 0, t) is a real (or even in x) solution of u, = n,,, 
3. u(xo , 0, t) E P (in t) for each x,, > 0. 
(4.1) 
x > 0, 
For, by Corollary 3.2, conditions 2 and 3 are necessary and sufficient for 
u(x, 0, t) = 1,” e-rre cos tr da(r), x > 0, (4.2) 
where a(~) E 7. By familiar theory of the Laplace transform the integral 
(4.2) becomes, when x is replaced by x = x + iy, a function which is analytic 
in the half z-plane x > 0. Its real part is the integral (4.1), and the proof is 
complete. 
An illustration of the theorem is 
11(x, y, t) = Re (47~7)-l/~ e-t*l(4z), z = x + iy. 
Here LY(Y) is the nondecreasing unbounded function r/n. 
For statistical purposes it is desirable to have a(r) a distribution function. 
This desideratum is easily obtained by imposing boundedness on ‘u(x, 0,O). 
COROLLARY 4. A function u(x, y, t) has the representation (4.1), where 
a(r) E t * B, if and only if 
Conditions 1, 2, and 3 hold and 
4. u(x, 0,O) E B, o<x<co. 
For, if a(r) were nondecreasing and unbounded, then by a familiar Abelian 
argument we should have 
s 
cc hF+ u(x, 0 O) =El+ edzrP da(r) = + 03, 
0 
contradicting condition 4. 
A case in point is 
u(x, y, t) = e-aaE cos a2y cos at, a > 0. 
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Here conditions 1, 2, 3, and 4 are ckecked by inspection, and LX(T) has a single 
point of increase at r = a. 
If the factor cos yr2 is replaced by sin yr2 in (4.1) we have only to replace 
the real part of u in condition 1 by its imaginary part. 
V. A RELATED PROBLEM 
We can now discuss the integral (1.3) in a similar way. 
THEOREM 5.1. A function u(x, y, t) has the representation 
u(x, y, t) = j,” e+ cos yr e-@ da(r), t >o, (5.1) 
where ol(~) E t, if and only if 
1. U(X, y, t) = Re 11(x + zj~, 0, t), t>O 
2. u(x, 0, t) 2 0, t>O 
3. %&, 0, t) + 4(X, 0, t) = 0, t>O 
4. u(x, 0, to) E CM, x > c (jbr some c, some to > 0). 
The proof follows in an obvious way from Corollary 3.1 and is omitted. 
It is to be noted that in this criterion and in that of Theorem 4 no statement 
to the effect that u is harmonic in X, y occurs. This of course results from the 
fact that the real part of an analytic function is automatically harmonic. 
However, for the present problem we may use a different type of condition 
that uses the full force of the differential equations satisfied by U(X, y, t): 
24 cm = - %, - ut - (5.2) 
THEOREM 5.2. A function u(x, y, t) has the representation (5.1) with 
01(y) E t, if and only if 
1. u(x, y, t) is a real (or ewen in y) solution of (5.2). 
2. u(x,, , y, to) E P (in y) for each x,, and each t, > 0. 
3. u(x, 0, to) E CM, x>c (some c, some t, > 0). 
The necessity of these conditions may be verified by inspection of the 
integral (5.1). 
Conversely, by Corollary 3.2 applied for fixed x, we have from conditions 1 
and 2 that 
u(x, y, t) = s: e-t?* cos yr dp(r, x), t >o, (5.3) 
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where ~(r, X) is a nondecreasing function of Y for each x. Consequently 
U(X, 0, t) > 0 for t > 0. Hence, in the presence of condition 3 we may also 
use Corollary 3.1 to obtain 
24(x, 0, t) = jy e-zr-tre da(r), t >o, 
where a(~) E f. But from (5.3) we have a second integral representation of the 
same function. By the uniqueness theorem for Laplace transforms (in t) 
applied for each fixed x, we have 
~I(Y, x) = 1: e-rs da(s). 
When this value of v is introduced into the integral (5.3) the desired result 
is obtained. 
As in Section IV, the boundedness of ‘Y(Y) may be assured by the require- 
ment 
4. ~(0, 0, t) E B, O<t<co. 
Illustrations for the theorem and its corollary are provided by the functions 
1 u=- 
6 
z=x+iy 
u = e-ax cos ay e-a2t, a > 0, 
respectively. 
VI. A DIFFERENT TYPE OF CONDITION 
We may avoid the use of the class P if we impose conditions on the bound- 
ary values, as t + 0 +, of our solutions. We thus arrive at criteria that are 
equally convenient in most circumstances. Let us return to functions of two 
variables, as in Section III. The application to the original problems can 
then be accomplished as in Section IV and Section V. 
THEOREM 6.1. A function u(x, t) has the representation 
24(x, t) = J”,” e-tr2 cos xr da(y), t > 0, 
where a(~) E t * B, if and onZy if 
1. II,, = Ilt , t>O 
2. u(x, t) > - M (some M) t>o 
3. u(x, 0 +) exists, is even, and positive dejinite. 
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For the necessity of the conditions we need only observe that 
t >o, 
u(x, 0 +) = j,” cos XY da(r), -co<x<ca. 
Conversely, we see by [5] or [9] that in the presence of condition 2 the 
temperature function 11(x, t) is uniquely determined by its boundary values 
U(X, 0 +). That is, 
u(x, t) = jm h(x - I, t) U(Y, 0 +> dr, t > 0. 
-iD 
By Bochner’s theorem, p. 95 of [lo], the positive definite function U(X, 0 +) 
may be written as 
= I m cos XI q/?(Y) - /I(- Y)] 0 
for some B(Y) E t * B. Setting a(~) = /3(y) - /3(- I), we have 
u(x, t) = jTm h(x - I, t) dY j, cos YS da(s) 
=j)+lj;m h(x -Y , t) cos YS dY 
I 
m 
= e- tS2 cos xs da(s). 
0 
The interchange of integrals is justified by Fubini’s theorem since a(s) is 
bounded and nondecreasing. 
In conclusion we observe that Corollary 3.1 might be modified in a similar 
way, essentially replacing the constant to of that result by 0 +. We state the 
result without proof. 
THEOREM 6.2. Equation (3.2) holds for t > 0 with U(Y) E t - B if and 
only ;f Conditions 1 and 2 of Theorem 3.1 hold and 
3. u(x, 0 +) exists for x 3 0 and E CM there. 
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